Abstract. In this study, a finite element model of a representative volume element that contains a hollow and filled single-walled Carbon nanotube (SWCNT) in two case studies was generated. It was assumed that the nanocomposites have geometric periodicity with respect to local length scale and the elastic properties can be represented by those of the representative volume element (RVE). Elastic properties in agreement with existing literature values for the Carbon nanotube and the matrix were assigned. Then for the two case studies, the tensile test was simulated to find the effect of the geometry, i.e. the volume fraction of matrix and SWCNT's properties variation, on the effective Young's modulus of the structure. In another approach, by applying perpendicular loading to the tube direction, the effect of matrix volume fraction on the transverse Young's modulus was studied. The investigations showed that for both RVEs with filled SWCNT and hollow SWCNT, the effective Young's modulus of the structure decreases approximately linear as the matrix volume fraction increases. The value of Young's modulus of the RVE with a filled Carbon nanotube was obtained to be higher than the RVE with the hollow Carbon nanotube. In addition, by increasing the tube diameter, the effective Young's modulus of the structure increases and the transverse Young's modulus decreases approximately linear for filled tubes but this parameter remains rather constant in the case of the hollow tube by increasing the matrix volume fraction.
Introduction
Carbon nanotubes (CNTs) were first found in the form of multi-walled of long thin cylinders of Carbon and later found as single-walled entities. Since their discovery, numerous methods have been applied to study the properties of CNTs, both experimentally and computationally. Based on these investigations, a very wide range of values for Young's modulus for Carbon nanotubes has been reported, depending on the tubes wall thickness or different computational approaches used to study the mechanical properties of CNTs. However, in most of the investigations, Young's modulus of single-walled Carbon nanotubes (SWCNT) is approximately equal to 1 TPa [1] [2] [3] [4] [5] .
Lu [1] reported the Young's modulus of CNTs from 0.97 to 1.11 TPa, while Li and Chou [2] obtained the Young's modulus about 0.89 to 1.033 TPa. Chang and Gao [3] used molecular dynamics simulations to predict the mechanical properties of CNT. They obtained Young's modulus equal to 1.06 TPa, while Cho [4] reported Young's modulus about 1.024 TPa, based on continuum mechanics studies. Krishnan et al. [5] used TEM to measure Young's modulus for 27 isolated single-walled Carbon nanotubes in the range of 1.0-1.5 nm at room temperature and reported a mean value of 1.25-0.35/+0.45 TPa.
Carbon nanotubes are considered as potentially useful reinforcements for structural and multifunctional composites. One of the first studies of polymer/CNT composites was reported by Ajayan et al. [6] . Since then, many computational, theorical and experimental studies were done to investigate the elastic properties of CNT-based composites. Freidoon et al. [7] investigated the mechanical properties of CNT-reinforced composite by finite element modeling in two ways: First embedding a three-dimension CNT in a cubic representative volume element and second, the nanotube was reproduced by an equivalent one-dimensional beam element. The authors represented the ratio of the composite's elastic modulus over matrix elastic modulus for different CNT volume fractions. The modulus ratio for 0.4% and 2.4% CNT volume fraction were reported as 1.03 and 1.13, respectively. Mora et al. [8] experimentally obtained the effective Young's modulus of an epoxy matrix reinforced with Carbon nanotubes for different fiber volume fractions and reported that for 14% and 17% fiber volume fractions. The Young's modulus was obtained to be equal to 10 GPa and 18.8 GPa, respectively, where the Young's modulus of the pure epoxy was 1.2 GPa. Gomez et al. [9] studied nanocomposites based on PET with small content of SWCNT. The elastic constants were determined by uniaxial tensile tests. The experimental Young's modulus was compared with some micromechanical models (Cox and Krenchel, Halpin-Tsai and Mori-Tanaka). The authors found from the tensile tests that the addition of SWCNT in PET makes the nanocomposite stiffer (higher elastic modulus), harder (higher yield stress) and more brittle (lower strain failure). Experimental values for yield stress and Young's modulus increased by 6.5% and 11.9% respectively, when 0.3% CNT was added. Zhu and Nart [10] studied the effect of the nanotube orientation on the tensile modulus of Carbon nanotube-reinforced polymer composites based on numerical simulation (finite element method). They found that the composite modulus decreases with increasing the orientation angle. Zhong et al. [11] experimentally studied a fabricated (SWCNT)-reinforced nanocrystalline-Aluminum composite (SWCNT/nano-Al). The authors found the highest hardness of the SWCNT/nano-Al composites to be equal to 2.89 GPa after an optimum consolidation procedure, which was approximately 20 times higher than that of coarse-grained Al (0.15 GPa) and almost 2 times higher than the nano-Al (1.62 GPa) consolidation at the same temperature. Song and Youn [12] used three methods for characterizing the elastic modulus of a Carbon nanotubes-based composite. Namely, they used a control volume finite element approach, analytical and experimental methods. The authors found good agreement among these three ways and obtained a linearly increasing elastic modulus with the CNT volume fraction.
An attractive aspect of nanotubes is their cavities, which can be used to incorporate atoms and molecules in order to generate novel compounds, nanostructured materials, and nanocomposites. The possibilities of achieving nearly one-dimensional nanostructures by filling the hollow single nanotubes have generated a great deal of interest in recent years [13] [14] [15] [16] . Filled Carbon nanotubes can act as reinforcement in composites. The first experimental work leading to the filling of singlewalled Carbon nanotube was reported by Ajayan and Ijima [16] . Kalamkarov et al. [17] , in their studies on mechanical properties of filled single-walled Carbon nanotubes, considered a two-phase cylinder model. Both materials, namely, the inside filler (matrix) and the outside SWCNT are assumed to be of two different orthotropic materials. Based on these assumptions, the authors generated a finite element model and calculated the elastic modulus analytically and numerically for such a composite to be equal to 0.165 TPa, respectively. They found good agreement between these methods, where the elastic modulus of the matrix was 3.45 GPa. In addition, they found that the effective Young's modulus of the composite decreases linearly with respect to the matrix volume fraction.
Finite Element Modeling
A three-dimensional finite element (FE) model for single-walled Carbon nanotubes is generated in this study to characterize the elastic properties of a composite that is reinforced by SWCNTs. For this purpose, the commercial finite element code MSC. Marc is chosen as a computational tool for modeling and evaluating the structure.
A single-walled Carbon nanotube can be imagined as a graphene sheet that has been rolled into a tube. This tube assumes to be equivalent to a hollow cylinder that has all geometric and mechanical properties of the real Carbon nanotube. Different values have been assigned for the thickness of the SWCNT, among which 0.34 nm was most commonly used [10, 11] . Also, Kalamkarov et al. [17] defined 0.02 nm as the tube's thickness in their model. In this study, these two approaches were used and the results were compared. Depending on the thin tubes wall thickness, a plane element was picked in this study to construct the whole tube structure. In order to investigate whether or not a two-dimensional plane element is capable of representing the properties of a SWCNT, a preliminary study was run as follows.
To get a basic understanding of the modeling approach, one three-dimensional element (Hex8) is considered to represent the matrix in the preliminary study. Four two-dimensional plane elements, which each of them is a part of the tube structure, are defined around the solid element to represent an idealized 'tube', cf. Fig. 1 . Then, appropriate boundary conditions and material properties are assigned for the solid and the plane elements. This preliminary study is designed to investigate on how to mix elements of different dimensionality and to test the proposed boundary conditions and evaluation procedure. Same material properties for both, i.e. the matrix and the tube were assigned. Evaluation was done as in the case of a tensile test and the obtained value of Young's modulus was identical to the defined input values.
Structure: Each CNT was made up of plane elements repeated to make the whole tube structure. The matrix was made up of Hex elements that were repeated to make the whole matrix structure. Figure 2 shows a representative volume element (RVE) employed in this study which consists of two different regions, i.e. SWCNT and the matrix. The RVE's structure is generated on the following assumptions for the Carbon nanotube-based composite:
The CNTs are homogeneously dispersed in the composite with the packing which is periodic in a primitive cubic array.
The tubes are considered continuous, perfectly bonded with the matrix and have uniform dimension such as length, outer and inner radius, (iii) There is no interaction between CNTs, (iv) The CNTs can be filled by matrix,
The Carbon nanotube-based composite contains the periodic unit cell which includes a single-walled Carbon nanotube aligned unidirectional. As can be seen in Fig. 2 , the RVE's geometry is defined for both the cubic and the cylindrical model. 
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Journal of Nano Research Vol. 13 Due to symmetry of the problem, only one-fourth of the RVE was modeled. As shown in Fig. 3 , symmetric boundary conditions were applied at symmetric cut surfaces of the RVE. A uniform displacement was applied in the direction of the tube for the first load case and perpendicular to the tube's direction for the second load case. For the other end of the tube direction, fixed boundary condition was defined. Based on the two continuous models, among MSC.Marc's mesh options, a regular hexahedral mesh was generated because such a mesh results in a higher accuracy compared to unstructured meshes. Then, the same boundary conditions and constant isotropic material properties (Young's modulus and Poisson's ratio) for both the tube and the matrix were applied. Figure 5 shows one-fourth of the upper surface of the RVE with a cylindrical matrix (a), and with a squared matrix (b).
Finally, the MSC.Marc code was run and the reaction forces for all nodes of the effective cross section were taken and by using following equation for the elastic range, Young's modulus is obtained by Hooke's law, i.e. ) and the strain, ߝ, is ሺ ∆ ). ‫ܨ‬ is the reaction force in the loading direction for each node. A is the effective cross section. L and ‫ܮ∆‬ are the initial length of the structure and the applied displacement, respectively. In the above equations the effective cross section is defined by:
While ‫ܣ‬ ୫ is an effective cross section of matrix and ‫ܣ‬ େ is the effective cross section of the CNT. The results are obtained to be used for calculating the elastic modulus for different volume fractions of RVE for SWCNT that is filled by a matrix. The obtained values are then compared with the values obtained from the same RVE which contains a hollow tube. 
Results
In this section, the effect of variation in the matrix volume fraction and material properties, on the effective properties of two case studies, i.e. the RVE that contains a hollow and a filled tube were studied. The volume fraction of a matrix is defined as φ = ౣ ౣ ା ౙ , where ܸ ୫ and ܸ ୡ are volumes of the matrix and Carbon nanotube, respectively. For this purpose, different matrix volume fractions, in a range between zero to one, are chosen. As it was mentioned in the introduction section of this study, the material properties for both the tube and the matrix are assigned based on the values investigated previously by other researches [17] .
Cubic unit cell:
For the first case study, different matrix volume fractions are defined. Based on these values and using the matrix volume fraction equation that is mentioned above, the geometry for each unit cell with a particular volume fraction was calculated. If a, b, c and l are assumed to be the side-length of the outside-matrix cross section, inner radius of the tube, outer radius of the tube, and the length of the unit cell, respectively, the matrix volume fraction for a hollow tube is defined by:
and for a filled tube as
In the above equations, the length of the structure (RVE) and the tube are assumed to be the same. Because of the fixed geometry of the tube, a is the only unknown parameter in Eq. (3) and (4) . By solving the equations and obtaining the value of a for each particular matrix volume fraction, the RVE was simulated and run in MSC. Marc. The results of this part of the investigation are presented in Fig. 5 .
Based on Fig. 5 , it can be seen that the highest value for the Young's modulus is derived for the smallest matrix volume fraction and that it decreases approximately linear by increasing the matrix volume fraction for both filled and hollow tubes surrounded by an outer matrix. This reduction is steadier for the filled tube compared to the hollow tube. As one would expect, all Young's modulus values are between that of an individual tube and an individual matrix.
Even for the filled tube structure without the surrounding matrix, the value of Young's modulus is in the same logical range; here equal to 152.094 GPa. In addition, the value of the effective elastic modulus for the filled Carbon nanotube is higher than for a hollow Carbon nanotube and the difference between them decreases by increasing the matrix volume fraction, φ, to converge when the matrix volume fraction approaches a value of 1.
Cubic unit cell with two linked surfaces:
Based on the considered assumptions, i.e. continuousness of the model and periodicity of the problem, new boundary conditions for the two free surfaces in Fig. 3 are defined. By linking the nodes in these two free surfaces, the nodes will have uniform displacement parallel to the surfaces' normal vector after loading.
Results obtained under this periodicity condition are compared with the previous case study (unit cell with two free surfaces), cf. Table 1 . This table shows the relative error that reaches its maximum at 7.315 and -4.829 for a filled and a hollow Carbon nanotube, respectively. Based on these investigations, the errors were not very significant and the previous model still could be used.
Cubic and cylindrical unit cell:
The two continuous models, cubic and cylindrical, were simulated for the same volume fractions, tube geometry, material properties and boundary conditions and then the results compared. Based on the results presented in Fig. 6 , the effective Young's modulus decreases approximately linear by increasing the matrix volume fraction, for both cubic and cylindrical RVEs. These investigations show the same behavior for the effective Young's modulus with respect to the matrix volume fraction changes, for both continuous models. Therefore, the cubic model was chosen as an optimized model for the rest of the investigations.
Cubic unit cell with different tube geometry: In this step, the effective Young's modulus versus volume fraction for a new set of geometry of Carbon nanotubes was calculated and represented in Fig. 7 . Later, the effect of the two different geometries of Carbon nanotube on the effective Young's In addition, for each specific matrix volume fraction, the value of the Young's modulus of the unit cell structure with a bigger tube radius, is higher than the unit cell that contains the Carbon nanotube with smaller radius (b = 0.25 nm, c = 0.27nm), cf. Table 2 .
Unit cell with perpendicular loading to the tube direction: In order to study the effect of the matrix volume fraction on the transverse Young's modulus of RVEs that contain hollow and filled Carbon nanotubes, the structure was loaded perpendicular to the tube's direction Although the Young's modulus of the filled Carbon nanotubes decreases rather linearly by increasing the matrix volume fraction, the change in the Young's modulus of the structure with hollow Carbon nanotubes is approximately constant. Figure 7 shows this trend for different values of the matrix volume fraction for both cases.
Conclusion
In this study, a finite element model of a representative volume element that contains a hollow and filled single-walled Carbon nanotube (SWCNT) in two case studies was generated to numerically investigate the responses of the RVE under axial load. The reaction force results were used to find the effect of the geometry, i.e. the volume fraction of the matrix and SWCNT's properties variation, on the effective Young's modulus of the structure.
According to the investigations, for both, cubic and cylindrical, RVEs with filled SWCNT and hollow SWCNT, the effective Young's modulus of the unit cells decreases approximately linear as the matrix volume fraction increases. The value of Young's modulus of the RVE with a filled Carbon nanotube was obtained to be higher and closer to linear approximation than the RVE with the hollow Carbon nanotube. In addition, by increasing the tube diameter effective Young's modulus of the structure increases.
In another case study, the unit cell with perpendicular loading to the tube's direction, the transverse Young's modulus decreases approximately linear for the filled tube but this parameter remains rather constant in the case of the hollow tube by increasing the matrix volume fraction. 
